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Abstract  This paper focuses on unsupervised curve classi cation ithe context
of nuclear industry. At the Commissariat a I'Energie Atomigie (CEA), Cadarache
(France), the thermal-hydraulic computer code CATHARE is sed to study the re-
liability of reactor vessels. The code inputs are physicalgpameters and the outputs
are time evolution curves of a few other physical quantitiesAs the CATHARE code
is quite complex and CPU-time consuming, it has to be appraxiated by a regres-
sion model. This regression process involves a clusterirtgps In the present paper,
CATHARE output curves are clustered using &-means scheme, with a projection
onto a lower dimensional space. We study the properties of@alempirically optimal
cluster centers found by the clustering method based on psaajtions, compared to
the true ones. The choice of the projection basis is discged, and an algorithm
is implemented to select the best projection basis among &rary of orthonormal
bases. The approach is illustrated on a simulated example cathen applied to the
industrial problem.
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1 Introduction

1.1 The CATHARE code

A major concern in nuclear industry is the life span of reactovessels. To go on
using the current nuclear reactors, their reliability has ® be proved. For this pur-
pose, complex computer codes are developed to simulate threhlvior of the vessel
under di erent sequences of accidents. At the Commissariat I'Energie Atomique
(CEA), Cadarache (France), one of the main types of accideninder study is the
pressurized thermal shock. This is a problem due to the comlgid stresses from a
rapid temperature and pressure change. More speci callysa reactor vessel gets
older, the potential for failure by cracking when it is coolé rapidly at high pressure
increases greatly. The analysis of pressurized thermal skas made of two main
steps. First, a thermal-hydraulic analysis is done to detarine the temporal evolu-
tions of temperature, pressure and thermal exchange coe@it in the vessel annular
space, since these features have an in uence on the mechahand thermal charge

the thermal exchange coe cient are depicted in Figure 1r{ = 66). Each curvex;(t)
is obtained as the simulation result for a certain vector ohput physical parameters.
The curves of temperature, pressure and thermal exchangesament obtained dur-
ing this rst step are then used as limit conditions in the seend part of the analysis,
which is a mechanical investigation aiming at checking if sze defects on the ves-
sel annular space could propagate and gain importance to buan extent that this
would cause a break of the vessel inner surface. For furthestdils on the reliability
of reactor vessels, we refer the reader to Auder, De Crecypks, and Marques [5].

The simulation step relies on a computer code called CATHARECode Avancé de
THermohydraulique pour les Accidents des Réacteurs a Eaw English Code for
Analysis of THermalhylaudrics during an Accident of Reactoand safety Evalua-
tion). The CATHARE code is a system code for pressurized wateeactors safety
analysis, accident management, de nition of plant operatig procedures and for
research and development. The project is a result of a jointaet of the reac-
tor vendor AREVA, the CEA, EDF (Electricité de France) and the IRSN (Institut
de Radioprotection et de Sdreté Nucléaire). The rst deliveed version V1.3L was
available in 1997. The CEA team CATHARE located in Grenoble Krance) is in
charge of the development, the assessment and the mainteparof the code. (See
http://www-cathare.cea.fr )

The CATHARE code allows to simulate the evolution of tempertare, pressure and
thermal exchange coe cient, given the physical parameteras inputs. However, this
code is so slow (about 6 to 10 hours for one run) that it cannotebused directly
for reliability calculations. To bypass this obstacle, thestrategy drawn up by the
CEA is to build a so-called metamodel which is a fast approxiation of the original
code, precise enough to carry out statistical computationsThe term metamodel
indicates that a computer code approximating a physical paess has already been
developed, and now this code is modeled in turn. Here, the gose is the con-
struction of a regression model based on a few hundreds CATRE code outputs,
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Figure 1: 66 evolution curves of thermal exchange coe cient in a rarclessel.
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Figure 2: Flowchart of the CATHARE code.




obtained during one week of computation on a supercomputar 2007. The inputs
were sampled randomly by latin hypercube methods (see, e.¢icKay, Conover,
and Beckman [28] and Loh [26]), so that we have no control ovéine inputs in
the learning sample. As di erent kinds of behavior for tempmature, pressure and
thermal exchange coe cient may be observed depending on thghysical parame-
ters, a preliminary unsupervised classi cation of CATHAREcode output curves is
essential. Once the curves have been clustered in meaningfasses, the regression
model can be adjusted for each group of outputs separatelyhd@ clustering step is
the object of the present paper.

1.2 Clustering

Clustering is the problem of partitioning data into a nite number of groups (de-
noted hereafter byk), or clusters, so that the data items inside each of them are
very similar among themselves and as di erent as possibleom the elements of the
other clusters (Duda, Hart, and Stork [14, Chapter 10]). In or industrial context,
the data is made of evolution curves of temperature, presgior thermal exchange
coe cient. Using a probabilistic point of view, these curve can be seen as indepen-

X (t) taking values in a functional spacef; k k) typically, the Hilbert space of
square integrable functions.

A widely used clustering method is the so-callek-means clustering, which consists

Win(c)= =" min kX; ck’
i=1 "
over all possible cluster centers = (¢;:::;¢) 2 EX. Here, , denotes the empirical
measure associated with the sampléq;:::; X,, i.e.,
11X

n(A)= = 1in2Ag
Nz

for every Borel subsetA of E. In other words, we look for a Voronoi partition ofE.

letting an elementx 2 E belong toC. if it is closer (with respect to the normk k)
to ¢ than to any other ¢ (ties are broken arbitrarily). The "-th cluster is made of
the observationsX; assigned toc, or equivalently, falling in the Voronoi cellC-. In
this framework, the accuracy of the clustering scheme is assed by the distortion
or mean squared error

Wi (c)= E  min kX ck? ;

.....

whereE stands for expectation with respect to the distribution oX . This clustering
method is in line with the more general theory of quantizatin. More speci cally, it



corresponds to the empirical version of nearest neighbor antization (Linder [24],
Gersho and Gray [18], Graf and Luschgy [21]). However, theghlem of nding a
minimizer of the criterion W; .,(c) is in general NP-hard, and there is no e cient
algorithm to nd the optimal solution in reasonable time. That is why several
iterative algorithms have been developed to give approxirtesolutions. One of the
rst to be described historically is Lloyd's algorithm (Lloyd [25]).

The challenge is to adapt thek-means clustering method to our setting. The main
di culty here is the high dimensionality of the data, which casts the problem into
the general class of functional statistics. For a comprehsine introduction to this

topic, see Ramsay and Silverman [32] and Ferraty and Vieu [[L%A possible approach

ing them onto a lower-dimensional subspace. In this contexAbraham, Cornillon,
Matzner-Lgber, and Molinari [1] project the curves on & -spline basis, and get clus-
ters with the k-means algorithm applied to the coe cients. These authorsrgue that
projecting onto a smooth spline basis plays the role of a dasmg procedure, given
that the observed curves could contain measurement erroi@d also allows to deal
with curves which were not measured at the same time. Jamesda8ugar [23] use a
B -spline basis to model the centers of the clusters and writa@h curve in cluster as
a main e ect de ned by spline coe cients plus an error term. This allows for some
deviations around a model curve speci c to cluster. The authors add a Gaussian
error term to model the individual variations among one clugr. This way, the main
e ect is enriched, and the model can take into account more olex behaviors. The
method in Ga ney [17] is similar, also with aB-spline basis. Another option is to
use a Self-Organizing Map algorithm on the coe cients (RossConan-Guez, and El
Golli [33]), again obtained by projecting the functions ord a B-spline basis. These
bases are often used because they are easy to implement, aeguire a relatively
minimal number of parametric assumptions. Besides, Biau,dYroye, and Lugosi [6]
examine the theoretical performance of clustering with ratom projections based
on the Johnson-Lindenstrauss Lemma, which represent a saoualternative to or-
thonormal projections thanks to their distance-preservig properties. Chiou and Li
[7] propose a method which generalizes themeans algorithm to some extent, by
considering covariance structures via functional princgd component analysis. In
the approach of these authors, each curve is decomposed oradaptive local basis
(valid for the elements in the cluster), and the clusters ardetermined according to
the full approximation onto each basis. In the wavelet-basemethod for functional
data clustering developed in Antoniadis, Brossat, Cugligrand Poggi [3], a smooth
curve is reduced to a nite number of representative featuse by considering the
contribution of each wavelet coe cient to the global energyof the curve.

In the present contribution, we propose to investigate the neblem of clustering

random variableX taking its values in some subset of the space of square intalie
functions. As a general strategy, we reduce the in nite dinresion ofX by considering
only the rst d coe cients of the expansion on a Hilbertian basis, and then @rform
clustering in RY. We study the theoretical properties of this clustering métod with
projection. A bound expressing what is lost when replacindghé empirically optimal



cluster centers by the centers obtained by projection is ored (Section 2). Since
the result may depend on the basis choice, several projectibases are used in
practice, and we look for the best one minimizing a given cdtion. To this end, an
algorithm based on Coifman and Wickerhauser [9] is implemieal, searching for an
optimal basis among a library of wavelet packet bases avdile in the R package
wmtsg and this optimal basis is compared with the Fourier basis the Haar basis,
and the functional principal component basis (Section 3). iRally, this algorithm is
applied to a simulated example and to our industrial problen{Section 4). Proofs
are postponed to Section 5.

2 Finite-dimensional projection for clustering

As mentioned earlier, we are concerned with square integtalfunctions. Since all
results can be adapted td_?([a; ) by an appropriate rescaling, we consider for the
sake of simplicity the space.?([0; 1]). As an in nite-dimensional separable Hilbert
space,L?([0; 1]) is isomorphic via the choice of a Hilbertian basis to thepace? of
square-summable sequences. We focus more particularly andtions in L2([0; 1])
whose coe cients in the expansion on a given Hilbertian basibelong to the subset

S of *2 given by
1

S= x=(x) 127%: " x* R?; (1)
j=1
whereR > 0 and ( j); 1 is a nonnegative increasing sequence such that
im "y =+1:
jr+1
It is worth pointing out that S is closely linked with the basis choice, even if the

basis does not appear explicitly in the de nition. To illustate this important fact,
three examples are discussed below.

Example 2.1 (Sobolev ellipsoids). For 2 N andL > O, the periodic
Sobolev clas®VPe'( ;L ) |§ the space of all function$ 2 [0;1]! R such thatf( 1
is absolutely continuous, 5 (f ¢ )(t))2dt L2 andf )(0) = f (1) for” =0;:::;

1. Let ( ;); 1 denote the trigonometric basis. Then a functioh = = /3 x; j isin
WePer( ;L) if and only if the sequencex = (x;); 1 of its Fourier coe cients belongs
to ( )
)1
S= x2%: '";x* R?;
j=1
where (
. j2 for evenj

7 (G 1?2 for odd]j

L
andR = —.

For the proof of this result and further details about Sobsleclasses, we refer the
reader to the book of Tsybakov [36]. Note that the s8tcould also be de ned by
";=]j'el with > Oandr (Tsybakov [35]).



Example 2.2 (Reproducing Kernel Hilbert Spaces). Let K : [0;1]
[0;1]! R be a Mercer kernel, i.e.,K is continuous, symmetric and positive def-
inite. Recall that a kernelK is said to be positive de nite if for all nite sets
fX1;::7;Xmg, the matrix A de ned by a; = K(x;;%;) for 1 1i;j m is positive
de nite. For example, the Gaussian kerneK (x;y) = exp( M) and the kernel
K(x;y) = (&2 +(x Vy)?) 2 with a > 0 are Mercer kernels. Forx 2 [0;1], let
Ky 1y 7! K(x;y). Then, Moore-Aronszajn's Theorem (Aronszajn [4]) stateshat
there exists a unique Hilbert spacgH ; h; i) of functions on[0; 1] such that:

1. Forall x 2 [0;1], Ky 2H.
2. The span of the seftK,;x 2 [0; 1]g is dense inH .
3. Forallf 2Hk andx 2 [0;1], f(X) = HKy;fi.

The Hilbert spaceH is said to be the reproducing kernel Hilbert space (for short
RKHS) associated with the kerneK . Next, the operatorK de ned by
Z 1
Kf :y7! K (x; y)f (x)dx
0

is self-adjoint, positive and compact. Consequently, treeexists a complete orthonor-
mal system( ;); 1 of L?([0;1]) such thatKk ; = ; ;; where the set of eigenvalues
f il 1g is either nite or a sequence tending to0 at in nity. Moreover, the

j are nonnegative. Suppose tha& is not of nite rank so that f ;;j 1g is
in nite and that the eigenvalues are sorted in decreasing ader, thatis jt+1
for all j 1. Clearly, there is no loss of generality in assuming that; > 0 for
allj 1. Indeed, if not, L2([0; 1]) is replaced by the linear subspace spanned by the
eigenvectors corresponding to non-zero eigenvalues.

According to Mercer's theorem,K has the representation
1
Kxy)=" ] i) i (y);
j=
where the convergence is absolute and uniform (Cucker andeben[10, Chapter lIl,
Theorem 1]). Moreover,H¢ may be characterized through the eigenvalues of the
operator K by

X1 X1 x2
He= f2L%[0;1):f = x ;5 “L<1 ;
j=1 j=1 |
with the inner product
X1 X1 X Xy
Xi i Yigo= o
j=1 j=1 j=1 |
(Cucker and Smale [10, Chapter Ill, Theorem 4]). Then, lettig
X1 x2
S= x2'% <L R?;

j=1 ]

the setS is of the desired form (1), with' ; = 1= ;.



Example 2.3 (Besov ellipsoids and wavelets). Let > 0. Forf 2 L?([0;1]),
the Besov semi-nornijf jg, (L?) is de ned by

)1 _ 1=2
jfig, (L?) = [2 1, (f; 2 1;]0; 1]),]
j=0

where! | (f; t; [0; 1]), denotes the modulus of smoothnessfofas de ned for instance
in DeVore and Lorentz [12], andr = b c+1. Let ( j) be an index set at resolution
levelj and (x;-); o2 (j) the coe cients of the expansion off in a suitable wavelet

basis. Then, forf such thatjf jg, (L?) , the coe cients x;- satisfy
X1 .
2 .
22 xx  2C
1=0"2(j)

whereC > 0 depends only on the basis. We refer to Donoho and Johnston8] [fbr
more details.

Let us now come back to the general setting
x1
S= x=(x); 127%: ';x* R*;
j=1

notation and assumptions are in order. First, we will suppeasthat Ptk Xk Rg=

1: Notice that the fact that X takes its values inS is in general not enough to imply
Pfk Xk Rg=1. Secondly, letj, be the smallest integej such that'; > 0. To
avoid technical di culties, we require in the sequeld jo. Foralld 1, we will
denote by 4 the orthogonal projection onRY and let Sy = 4(S). Lastly, observe
that Sy identi es with the ellipsoid

As explained in the introduction, the criterion to minimizeis

— 1>@ H 2.
Wl;n(c)—ﬁ_ \qunkkxi ck;

is measured by the distortion

Wi (c) = E min kX ck? :

.....

The quantity
W, = inf W; (c)
C



represents the optimal risk we can achieve. With the interbin of performing cluster-
ing in the projection spaceSY, we also introduce the nite-dimensional distortion

Wa(c) = E  min k 4(X) a(C)K?

and its empirical counterpart

X 2,
Wen(€) = — .min Kk o(Xi)  o(C)K

=1 T

as well as

Let us observe that, as the support of the empirical measurg, contains at mostn
points, there exists an elementy,, which is a minimizer ofWg.,(c) on SX. Moreover,
in view of its de nition, Wy.,(c) only depends on the centers projection 4(c) (one
has Wy (€) = Wgn( ¢(c)) for all c) and we can thus assume thaty, 2 (Sg)*.
Notice also that for allc2 S,

k 4(X) d(OK? k X ck?
(the projection ¢ is 1-Lipschitz), which implies that
Wq(c) Wi (c)
for all c.
The following lemma provides an upper bound for the maximaleviation

sup[W; (c) Wqgy(0)]:
c2Sk
Lemma 2.1. We have

2
suplWs (¢) We(0)] X
c2Sk d

We are now in a position to state the main result of this sectio
Theorem 2.1. Let €4, 2 (Sg)¥ be a minimizer ofWg.,(c). Then,

2
EMWy (6an)] Wy  EWa(Can)] W, + 8% 2)

Theorem 2.1 expresses the fact that the expected excesstdting risk in the in nite
dimensional space is bounded by the corresponding nitekhensional risk plus an
additional term representing the price to pay when projectig onto Sy. Yet, the rst
term in the right-hand side of inequality (2) above is known @ tend to O whenn
goes to in nity. More precisely, asPftk 4(X)k Rg=1, we have

Ck
E[Wa(€an)] Wy P=



where C = 12R? (Biau, Dgvroye, and Lugosi [6]). In our setting, to keep theasne
rate of coBvergenceO(lz n) in spite of the extra term 8R2=',, ' 4 must be of
the order ~ n. For Sobolev ellipsoids (Example 2.1), wherg; (1) ; this

means IS‘ dimensiord of the ordern™ . When' ; = j"el , the rate of convergence
is O(1=" n) as long asd is chosen of the order Im=(2 ). In the RKHS context

(Example 2.2), consider the case of eigenvalués;;j 1g with polynomial or

exponential-polynomial decay, which covers a broad rangé kernels (Williamson,

Smola, and Schélkopf [38]). If j; = O( (*V); > 0, then 1=' 4 = O(d ( *D),

and d must be of the ordern™? *2  whereas ; = O(e ! *); ;p > 0; leads to a
projection dimensiond of the order (Inn=(2 ))***. Obviously, the upper bound (2)
is better for large' 4, and consequently largel. Nevertheless, from a computational
point of view, the projection dimension should not be chosawo large.

Remark 2.1 Throughout, we assumed thatPfk Xk Rg = 1. This requirement,
called the peak power constraint, is standard in the clustarg and signal processing
literature. We do not consider in this paper the case where ihassumption is not
satis ed, which is feasible but leads to technical complitens (see Merhav and
Ziv [29], Biau, Devroye, and Lugosi [6] for results in this dection). Besides, the
number of clusters is assumed to be xed throughout the papetSeveral methods
for estimating k have been proposed in the literature (see, e.g., Milligan dr€ooper
[31] and Gordon [20]).

As already mentioned, the subset of coe cientsS is intimately connected to the
underlining Hilbertian basis. As a consequence, all the rtdts presented strongly
depend on the orthonormal system considered. Therefore,etlthoice of a proper
basis is crucial and is discussed in the next section.

3 Basis selection

Wavelet packet best basis algorithm In this section, we describe an algorithm
searching for the best projection basis among a library.fif ; 21g L2([0;1])
is a collection of elements i.2([0; 1]) which spanL2([0; 1]) and allow to build several
di erent bases by choosing various subsefs ; 21 g L?([0;1]), the collection
of bases built this way is called a library of bases. Herg,is some index set, and
runs over some other index set.

More speci cally, we focus on the best basis algorithm of Ciaaan and Wickerhauser
[9] (see also Wickerhauser [37]), which yields an optimal $ia among a library of
wavelet packets. Wavelets are functions which cut up a sighato di erent fre-
guency components to study each component with a resolutionatched to its scale.
Unlike the Fourier basis, wavelets are localized both in timand frequency. Hence,
they have advantages over traditional Fourier methods whethe signal contains dis-
continuities as well as noise. For detailed expositions ofi¢ mathematical aspects
of wavelets, see the books of Daubechies [11], Mallat [27Havieyer [30].

10



Let the sequence of functions () o be de ned by
Z
px
2(=H (=2 Nh(p (2 p);

27

La®=G M="2 op @ p;

p2Z

whereH and G are orthogonal quadrature lters, i.e., convolution-decnation op-
erators satisfying some algebraic properties (see, e.g.jcRérhauser [37]). Let
denote the closed linear span of the translates (  p);p2 Z, of , and

S =2 5%(2 St);x2 o
To every such subspace df?(R) corresponds a dyadic interval

. +1
PPS

Is -
For all (s; ), these subspaces give an orthogonal decomposition

= s+l 2 s+l 2 +1-
Observe that for =0;:::;2° 1, thelgy are dyadic subintervals of [01].

The next proposition provides a library of orthonormal base built with functions of
the form ¢, =2 52 (2 st p), called wavelet packets of scale index frequency
index and position indexp.

Proposition 3.1 (Wickerhauser [37]) If s L for some nite maximumL, H and
G are orthogonal quadrature Iters andl is a collection of disjoint dyadic intervals
whose union isR*, then B, = f 5,;p2 Z;ls 2 lg is an orthonormal basis for
L2(R). Moreover, if | is a disjoint dyadic cover of[0; 1], then B, is an orthonormal
basis of .

This construction yields orthonormal bases of ?(R). Some changes must be made
to obtain bases ofL2([0;1]). Roughly, they consist in considering not all scales
and shifts, and adapting the wavelets which overlap the bowdary of [C; 1] (see for
instance Cohen, Daubechies, and Vial [8]).

The library can be seen as a binary tree whose nodes are thecgm *  (Figure 3
and 4). An orthonormal basis is given by the leaves of some stde. Figure 5 and
6 show two examples of bases which can be obtained in this way.

To de ne an optimal basis, a notion of information cost is nesed. Coifman and
Wickerhauser [9] propose to use Shannon entropy. In our cemt, the basis choice
will be done with respect to some reference curvg which has to be representative
of the data. We compute, for each basis in the library, the Simamon entropy of the
coe cients of X in this basis, and select the basis minimizing this entropyThe

11



Figure 3: Tree structure of wavelet packet bases.
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Figure 4: Correspondence with dyadic covers of [0,1].
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Figure 5: The wavelet basis.

Figure 6: An example of xed level wavelet packet basis.

13




construction of this best basis, relying on the binary treetaicture of the library, is
achieved by comparing, at each node, starting from the botto of the tree, parents
with their two children. We decided to take forx, the median curve in the sample
in the L? norm sense. Indeed, it is more likely to present charactetiis behaviors
of the other curves than the mean, because the mean curve israo®th average
representative, which is probably too easy to approximateith a few basis functions.
However, we observed that these two functions surprisinglyive rise to almost the
same basis. Both choices are thus possible. The mean curveiseful if we know
that some noise has to be removed, whereas the median curvensg a better choice
to re ect the small-scale irregularities.

We have implemented the algorithm inR, and it has been run through all lters
available in the R packagewmtsa These lters belong to four families, extremal
phase family (Daubechies wavelets), including Haar basigast asymmetric family
(Symmlets), best localized wavelets and Coi ets. For exaple, the least asym-
metric family contains ten di erent lters s2, s4, s6 , s8, s10, s12, s14,
sl6, s18, s20. Finally, we keep the clustering result obtained with the basis
minimizing the distortion among the various lters. In the sequel, this basis will be
called Best-Entropy basis.

In the applications, the performance of the Best-Entropy bsis will be compared with
the Haar wavelet basis, the Fourier basis and the functionagdrincipal component
analysis basis. For the sake of completeness, we recall higre de nition of these
bases.

The Haar wavelet basis Let (t) = 1pq(t) and (t) = lpa=p(t)  Lp=2.q(t):
Then, the family f ; ;- g, where

pm=272 @2t ) oo 2 1

constitutes a Hilbertian basis ofL?([0; 1]), called Haar basis.

05
00

00
05

Figure 7: Haar scaling function and mother wavelet function.
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The Fourier basis The Fourier basis on [01] is the complete orthonormal system
of L2([0; 1]) built with the trigonometric functions

() =1; 5 (1) = p§cos(2jt ); g+ (t) = p§sin(2jt ), j L

Functional principal component analysis  Principal component analysis for func-
tional data (for short, functional PCA) is the generalizaton of the usual principal
component analysis for vector data. The Euclidean inner pduct is replaced by the
inner product in L2([0; 1]). More precisely, functional PCA consists in writingX; (t)
under the form

*1

Xi(t)= EX()+  xj j(t);

j=1
where the ; ); 1 and the functions ( ;); 1 are de ned as follows. At the rst step,
the function ; is chosen to maximize
NL ' Z #2
Xi= o 1(1) X (t)dt

subject to Z
1(t)2dt=1:

Then, each ; is computed by maximizing

X
Ny
i=1

subject to 7

(Dt =1
and to the orthogonality constraints

z
(t) j(Hdt=0;1 ~ j L

Functional PCA can be characterized in terms of the eigenalyais of covariance
operators. If (;); 1 denotes the_eigenvalues and (); , the eigenfunctions of the
operator C de ned by C(f )(s) = 01C(s;t)f (t)dt, where C(s;t) = cov(X (s); X (1)),

then
7(1

Xi(t)= EX()+  x;j j(t);
j=1
where thex; are uncorrelated centered random variables with variandg[x; ] = ;.
There are similarities with the context of Example 2.2, but Bre the kernel depends
on X . In practice, the decomposition can easily be computed wittliscrete matrix
operations, replacingC(s;t) by the covariance matrix of theX;. This basis has some
nice properties. In particular, considering a xed number bcoe cients, it minimizes
among all orthogonal bases the average squared distance between the original
curve and its linear representation (see, e.g., the book oh@em and Spanos [19]).

15



For more details on functional PCA, we refer the reader to Ragsay and Silverman
[32].

Observe that since the functional PCA basis is a stochasticabis and the Best-
Entropy basis algorithm also uses the data, rigorously theample should be divided
into two subsamples, one to build the basis, and the other falustering.

4 Experimental results and analysis

We evaluated the performance of the clustering method withrpjection, using the
various bases described in the previous section, for two drent kinds of curves.
First, a simulated example where the right clusters are knawis discussed, to illus-
trate the e ciency of the method. Then, we focus on our indugstal problem and
cluster output curves of a black box computer code.

Observe that, although the curves considered in Section 2 dibection 3 were true
functions, in practice, we have to deal with curves samplednca nite number of
discretization points. Therefore, a preprocessing step $&d on spline interpolation
IS necessary.

4.1 Synthetic control chart time series

Control chart time series are used for monitoring process \eronments, to achieve
appropriate control and to produce high quality products. Derent types of series
can be encountered, but only one, a kind of white noise, indites a normal working.
All the other types of series must be detected, because theyrespond to abnormal
behavior of the process.

The data set contains a few hundreds to a few thousands curvgenerated by the
process described in Alcock and Manolopoulos [2], disceetl on 128 time points.
There are six types of curves: normal, cyclic, increasingeind, decreasing trend,
upward shift and downward shift, which are represented in gure 8. The equations
which generated the data are indicated below.

(A) Normal pattern: y(t) = m+ rs wherem=30,s=2andr U ( 3;3).
(B) Cyclic pattern: y(t) = m + rs + asinZ- wherea; T U (10; 15).

(C) Increasing shift y(t)= m+ rs+ gtwith g U (0:2;0:5).

(D) Decreasing shift y(t)= m+ rs gt.

(E) Upward shift y(t) = m+ rs + hx wherex U (7:5;20), h = 1,05, to
u 5; %D , and D is the number of discretization points.

(F) Downward shift y(t) = m+ rs hx.

16



B
e b Mﬂ/\/""v\/w
/ﬁ-VVWN-FIJ‘AN\-JV_/\JU %
oo s %
’_\_ufqiurv/w“j\/__kﬂ/kq‘_u”ﬂ %
& eo— e e o %

C ot B e i
::’-:__"\—’—-#'V“\/V\-'—N—’\r-v—\. %
MMW’I—’_N‘A\_/WV‘MA %
\J\F‘F\N’W-V\/K_‘l\ﬂ_w’\fu% %

_ ’\f"/\/«_w"‘-\/\—’\f\m\x»w’“w %

Figure 8: 10 example curves for each of the 6 types of control chart.

The two main advantages using this synthetic data set is thaive can simulate as
many curves as we wish and we know the right clusters.

The k-means algorithm on the projected coe cients has been run fall four bases
(Best-Entropy, Haar, functional PCA and Fourier basis), wih varying sample sizen
and projection dimensiond. Since the result of &k-means algorithm may depend on
the choice of the initial centers, the algorithm is restarteé 100 times. The maximum
number of iterations per run is set to 500. This program trieso globally minimize
the projected empirical distortionWy.,(c). To evaluate its performance, we compute
an approximation W (d; n) of the distortion W, (€4.,) using a set of 18000 sample
curves. This is possible in this simulated example, since wan generate as many
curves as we want. The distortionW (d; n) is computed ford varying from 2 to 50
and n ranging from 100 to 3100. We restricted ourselves to the cade 50, since
there are only 128 discretization points. Moreover, as pded out earlier, d must not
be too large for computational complexity reasons. Indeed, projection dimension
d = 50 is already high for a practical use.

Figures 9 and 10 show the contours plots corresponding to tlegolution of W (d; n)
as a function ofd and n, for the functional PCA and the Haar basis. We remark that
the norm of the gradient ofW (d; n) vanishes wherd and n are close to their maximal
values. Hence, as expected according to Theorem 2N (d; n) is decreasing ind and
n. When d or n is too small (for instanced = 2 or n = 100), the clustering results
are inaccurate. Besides, they are not stable with respect the n observations
chosen. However, for larger values of these parameters, tpartitions obtained
quickly become satisfactory. The choicea 300 together withd 6 generally
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Figure 9: Contour plot ofW (d; n) for the functional PCA basis.
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Figure 10: Contour plot ofW (d; n) for the Haar basis.
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provides good results and is reasonably low for many appli@ns.

Figure 11 shows the curve corresponding to the evolution @ (d; n) as a function
of d for n = 500, for all four bases, whereas Figure 12 represents thmmtioB of

W (d;n) verSLk?n for d = 10. According to Section 2,' 4 must be of the order n.

For n =500, n is about 22. Considering that 4 and d are approximately of the
same order, a projection dimension close to 22 should thus &dtable. Indeed, we
see via Figure 11 thatw (d; n) does not decrease much more after this value.

distortion
38 40 42

36

34

Figure 11:Evolution ofW(d;n) for n = 500 and d ranging from 2 to 50, for (a)
functional PCA basis, (b) Haar basis, (c) Fourier basis a)dgst-Entropy
basis.

distortion
325 33.0 335 34.0 345 35.0
o
L

100 300 500 700 900 1100 1500 1900 2300 2700 3100
data size

Figure 12:Evolution ofW(d;n) for d = 10 and n ranging from 100 to 3100, for (a)
functional PCA basis, (b) Haar basis, (c) Fourier basis a)dgést-Entropy
basis.

The evolution of the distortion for the Fourier basis looks gite odd: it shows a rst
decreasing step before increasing again. However, thisrggsing can be explained
in the following way. The centers chosen rst are wrong, buteem to give a better
distortion than the real clustering. When the dimension gows large enough, these
rst wrong centers no longer represent a local minimum, andhie k-means algorithm
moves slowly toward the right clustering, although losing a bit in distortion. This
interpretation is con rmed if we look at the clusters correponding to each distortion.
Furthermore, when the dimension is high relatively to the nmber of discretization
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points, some basis functions which oscillate a lot may not bsampled correctly.
As a result, the coe cients estimated by approximating the nner products can
become very inaccurate ad increases. For very highd, these computed coe cients
confound with some noise. Consequently, data becoming mara@sy without adding
any information, the distortion will increase. The other baes tend to oscillate too,
so that they would probably show the same behavior d were increased above 50.
Besides, the small uctuations observed for the Best-Entfuy basis indicate that
this basis is not suitable for clustering of control chart tne series. The functional
PCA basis always gives the lowest distortion. However, thesdortions obtained for
the three other bases are quite similar, with a preferencerfthe Haar basis over
the Best-Entropy wavelet basis, the Fourier basis being theorst choice. As an
example, Table 1 gives the values & (d; n) for n = 1100 andd = 30.

| Basis | Fourier | Functional PCA | Haar | Best-Entropy |
[Distortion | 35.3 | 323 [328] 334 |

Table 1: Distortion W (d; n) for n = 1100 andd = 30.

Figure 13 represents the 6 clusters for the Fourier basis,rfa = 300 and d =
10, whereas Figure 14 shows them fat = 30. The classes obtained with the
algorithm are shown in colors, and the real clusters are ingted in the caption.
For relatively small values ofd, the normal and cyclic patterns are merged into one
big cluster, and one cluster corresponding to increasingr(decreasing) shift pattern
is split in two. For large enoughd, the normal and cyclic designs are well detected,
and the overall clustering is correct despite some mixingaéreasing-upward shift or
decreasing-downward shift. We also tested the algorithm f@maller values of the
number k of classes. As expected, for the particular choi¢e= 3, clusters A and B
are merged into one single group, and the same occurs for thester pairsfC; Eg
andfD;Fg.

a) [ 20 40 60 80 100 120 b) [ 20 4o 60 8 100 120

Figure 13:(a) ClustersA andB in green, clusteE in red and black. (b) ClusterG,
D andF in brown, light blue and blue respectively. (Fourier bawsis300,
d=10.)
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a) T 0 20 40 60 80 100 120 b) [ 20 40 60 80 100 120

Figure 14:(a) ClustersA, C andE in green, blue, black. (b) ClusteBs, D andF in
brown, light blue and red. (Fourier basis= 300, d = 30.)

4.2 Industrial code examples

Let us now turn to the industrial issue which motivated our saidy. As explained in
the introduction, the computer codes used in nuclear engieeng have become very
complex and costly in CPU-time consumption. That is why we ty to approximate
them with a cheap function substituted to the code. In orderd build a regression
model, a preliminary analysis of the di erent types of outpts is essential. This leads
to data clustering, applied here to a computer code with funional outputs. Two
di erent kinds of outputs are presented, the temperature eMution with a data set
containing 100 curves, and the thermal exchange coe cientvelution with a data
set of 200 curves.

Temperature curves The data is made of 100 CATHARE code outputs represent-
ing the evolution of the temperature in the vessel annular sgge (Figure 15). Here,

the sample size is xed tong = 100. However, the discretization can be controlled
to some extent with spline interpolation. In this case, 256idcretization points are

used.
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o
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o
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Figure 15:The 100 temperature curves.
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Observe that all curves converge in the long-time limit to te same value, corre-
sponding to the temperature of the cold water injected. Thescurves have been
clustered, for physical reasons pertaining to nuclear emgiering, in two groups.
More precisely, there is a critical set of physical paramete beyond which the ther-
mal shock is more violent and the temperature changes moreprdly (see Auder,
De Crecy, looss, and Marqueés [5] for more details). The algbm on the projected
coe cients has been run for the Best-Entropy, Haar, functimal PCA and Fourier
bases, with varying dimension, with the same settings as loe¢. Since we consider
real-life data, it is not possible to compute an approximatin of W, (€4.n) as in the
simulated example. Hence, the distortioW (d; no) is simply the output Wy.n,(€4:n,)
of the clustering algorithm, with xed ng = 100. This distortion is computed ford
varying from 2 to 50. Figure 16 shows the curve corresponding the evolution of
W (d; n) as a function ofd. As expected, it is decreasing imul.

distortion
6000 8000

4000

2000

Figure 16:Evolution ofW(d; ng) for the 100 temperature curved,ranging from 2 to
50, for (a) functional PCA basis, (b) Haar basis, (c) Foubasis and (d)
Best-Entropy basis.

| Basis | Fourier | Functional PCA | Haar | Best-Entropy |
[Distortion | 480.8 | 1253 | 254.9] 1515 |

Table 2: Distortion values fod = 30.

We note that until d = 16, the Haar basis provides lower distortion, but for large
values ofd, the Best-Entropy basis is better. As before, the Fourier lss is the worst
and the functional PCA basis is the best. This can also be chex from Table 2,
which presents the distortion obtained for each basis. Alttugh the functional PCA
basis gives the best result in terms of distortion, we see thasing any of the other
three bases is not that bad. Indeed, the same partitioning iBund every time
(Figure 17).
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Figure 17: The temperature curves divided in two groups.

Finally, Figure 18 shows the two centers representing theadses obtained fod = 30

with the Fourier basis, functional PCA basis, Haar basis an@est-Entropy basis.
The two curves obtained with the functional PCA basis charaerize with an espe-
cially good accuracy the shape of the data items in the corgending clusters.

250 300

100 150 200 250 300
150 200
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-

50 100 150 200 250 b) [ 50 100 150 200 250

250
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100 150 200
150 200

100

50
0

C) 0 50 100 150 200 250 d) 0 50 100 150 200 250

Figure 18:The two centers fod = 30 for (a) Fourier, (b) functional PCA, (c) Haar
and (d) Best-Entropy basis.

Thermal exchange coe cient curves  Figure 19 shows all 200 CATHARE code
outputs. Here, the number of discretization points is set td024. The data has been
partitioned in three groups. As for the temperature curvesyV (d;ng) is computed
for d varying from 2 to 50 (ho = 200).
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Figure 19:The 200 thermal exchange coe cient curves.

We can see via Figure 20 thatV (d; ng) is decreasing ird again. The functional PCA
basis is still the best choice, with a fast convergence (stébation from d = 10).
Interestingly, the Fourier basis shows smaller distortionalues than the two wavelets
basis in this case, as Table 3 indicates.

Figure 20:Evolution ofW(d; ny) for the 200 thermal exchange coe cient curves,
ranging from 2 to 50 for (a) functional PCA basis, (b) Haariba&) Fourier
basis and (d) Best-Entropy basis.

Basis | d=6 [d=10]d=18d=26d=34 [d=42 [d=50]
Fourier 11810| 8843.8| 7570.0| 7097.0| 7013.2| 6893.3| 6881.2
Functional PCA | 6815.8| 6802.0| 6801.4| 6801.2| 6801.1| 6801.1| 6801.0
Haar 16491 | 12185 9385.2| 8279.3| 7688.0| 7390.6| 7313.9
Best-Entropy 15338 | 8596.2| 7244.5| 7082.1| 7082.1| 7082.1| 6801.0

Table 3: Distortion values for the thermal exchange coe cient c@ve

All the partitions obtained are very similar. A typical example is given by Figure
21. However, as for the temperature curves, it is interesgnto look at the curves
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selected as centers. Figure 22 shows the three centers afedi with the Fourier
basis, functional PCA basis, Haar basis and Best-Entropy k&, ford = 30.

Figure 21: Three clusters obtained witth= 14, functional PCA basis.

c) d)

Figure 22: The three centers with (a) Fourier, (b) functional PCA, (cadt and (d)
Best-Entropy basis, fail = 30.

5 Conclusion

These clusters allow to build accurate models for the industl application. The
partitioning method presented in this article has been intgrated in our metamodel
written in R. More speci cally, given an array ofn input vectors corresponding ton
output curves, the purpose is to learn a function : z 7! x mapping an input vector
to a continuous curve. In order to improve the accuracy of tkitask, we begin with
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a clustering step and then look for a regression model in eacluster separately.
The metamodel lets the user choose between several clustgriechniques, either
assuming some clusters shapes (like this project&emeans) or trying to discover
them in data (like the ascendant hierarchical clustering).The latter are attractive
as they do not make assumptions about the results, but they gerally need a
relatively good sampling of the data. Consequently, thk-means-like techniques are
useful in many of our industrial applications, where only agiw samples are available.
Moreover, these methods provide easily interpretable chess. In each cluster, after
a dimension reduction step, which can either be achieved thugh the decomposition
on an orthonormal basis (linear), or any manifold learninglgorithm (nonlinear, with
the assumption that the outputs lie on a functional manifoldl, a statistical learning
method is applied to predict representation within this clster. The mainly used
method at this stage is the Projection Pursuit Regression gbrithm (see Friedman,
Jacobson, and Stuetzle [16]). Finally, a simpl&-nearest neighbors classi er gives
the most probable cluster for a new input, the correspondingegression function is
applied, and the curve can be reconstruct from its predictecepresentation.

For the moment, our metamodel with the clustering method preented have success-
fully been used on two di erent scenarios involving the CATIARE code (minor or
major break, for each we get temperature, pressure and theairexchange coe cient
curves).

Another research track could consist in considering othelypes of distances be-
tween curves. Distances involving derivatives might be hdrto estimate on the
thermal exchange coe cient dataset, because several cuss/are varying rapidly
over short period of time, contrasting for instance with theTecator dataset http:
/lib.stat.cmu.edu/datasets/tecator ), on which such distances proved success-
ful (Ferraty and Vieu [15, Chapter 8], Rossi and Villa [34]).However, further inves-
tigations are needed to know if a smoothing step before clesing based orm-order
derivatives would lead to improved results. As the true chsses are unknown, such
a procedure can only be validated within a cross validationrdmework involving
the full metamodel. Experiments with theL?! distance or some mixed distances re-
lated to functions shapes (Heckman and Zamar [22]) could albe studied in future
research.
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6 Proofs

6.1 Proof of Lemma 2.1

If we de ne the remainder Ry by R4(x) = X d(x) for all x 2 S, then for

(x;y) 2 S?,

kRg(x y)k? 2kRg(x)k?+ 2kRg(y)k?
X1 X1

j=d ] j=d ]
(‘;>0forallj d; sinced>jy)
1 v 2 1 v 2
27( P X +2X iy,
j=d d j=d d

Thus, for ¢ 2 Sk,

Wi (c) Wa(c)= E min kX ck? .min k 4(X) a(c)k?

..........

=E min k ¢+ Re(X)  o(c) Ra(c)K

.....

min k oX)  a(c)k®

=E min k oX)  a(C)k®+ KRa(X) Ra(c)K’

.....

.min k- q(X) a(c)K?

(since 4 is the orthogonal projection onR¢Y)

E _max kRy(X) Ra(c)k?

ik
4R2_
1 d -
Hence, ,
4R
sup[Wy (c) Wgy(c)] —;
c2Sk d
as desired.

6.2 Proof of Theorem 2.1

We have

W, (ed;n) W1 =W, (Cd;n) Wd(ed;n) + Wd(ed;n) Wd + Wd Wl :
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According to Lemma 2.1, on the one hand,

Wl (Cd;n) Wd(ed;n) SzléE[Wl (C) Wd(C)]
aR?.

d

and on the other hand,

W, W, = égékwd(c) C|2nsfk W; (c)
sup[Wy (c)  Wqy(c)]
c2Sk
4R?,

d

and the theorem is proved.
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